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Ahigh-resolutionmethodology using a high-order compact differencing schemewith localized artificial diffusivity

is introduced with the aim of simulating jet mixing under supercritical pressure environments. The nonlinear

localized artificial diffusivity provides the stability to capture different types of discontinuity, such as shock wave,

contact surface, and material interface, whereas the high-order compact difference scheme resolves broadband

scales in the rest of the domain. The present method is tested on several one-dimensional discontinuity-related

problems under super/transcritical conditions and a comparatively more illustrative two-dimensional low-

temperature planar jet problem under a supercritical pressure condition. The localized artificial diffusivity,

especially artificial thermal conductivity for temperature gradients, effectively suppresses numerical wiggles near

the interfaces. The effects of the artificial thermal conductivity on numerical stability and accuracy are examined.

Comparisons between the present method and a conventional low-order scheme demonstrate the superior

performance of the present method for resolving a wide range of flow scales while successfully capturing large

density/temperature variations at interfaces.

I. Introduction

A NUNDERSTANDINGof the thermo-fluid dynamics related to
the injection of cryogenic propellant in high pressure

conditions is essential in the design and performance of liquid
rocket engines [1]. The latest engines are required to operate at high
chamber pressures ranging from approximately 3 MPa to typically
10–20 MPa to achieve high thrust performance. These conditions
typically exceed the critical point of a particular propellant, i.e., the
supercritical thermodynamic conditions. In such environments, an
injected propellant exhibits unique behavior. For example, near the
critical point, the constant pressure specific heat increases rapidly,
and large expansions of the fluid occur with small increases in
temperature. The surface tension and latent heat tend to decreasewith
increasing pressure. These unique phenomena do not appear in ideal
flow conditions, indicating that propellant injection under super-
critical thermodynamic conditions is fundamentally different from
that under subcritical pressure conditions and largely unknown. We
are, therefore, interested in exploring the physics of cryogenic jet
flows injected into supercritical pressure conditions; such a study

may shed light on other related physics, such as combustion
instabilities.

Generally, it is considered that gas-like mixing, rather than
atomization processes, dominates themixing process in supercritical
pressure conditions because of the lack of surface tension and dis-
appearance of the latent heat in such conditions [1–3]. A pioneering
work in numerical simulationswas done byOefelein andYang [4] for
the two-dimensional (2-D) large-eddy simulation (LES) of
supercritical mixing and combustion where spatial discretization
was obtained using a fourth-order flux-differencing scheme and a
total-variation-diminishing (TVD) scheme. Meng and Yang [5]
presented a unified treatment based on general fluid thermodynamics
for supercritical flow simulations. Zong et al. [6,7] numerically
investigated the evolution of a cryogenic fluid jet under supercritical
conditions by means of LES. In these studies [5,6], a fourth-order
central differencing scheme was employed with fourth-order scalar
dissipation to ensure computational stability and prevent numerical
oscillations. Hosangadi et al. [8] simulated a supercritical coaxial jet
flow using a hybrid Reynolds-averaged Navier-Stokes (RANS)/LES
methodology where a second-order numerical flux was used on an
unstructured grid. Schmitt et al. [9] recently carried out LES of
supercritical pressure round jets. They employed a Taylor-Galerkin
third-order scheme on an unstructured grid, adding a sensor-based
dissipation procedure for computational stabilization. RANS simu-
lations were also performed for supercritical jet flows [10,11] where
unsteady features of jet flow were mostly absent.

Bellan [12], Miller et al. [13], and Okong’o and Bellan [14]
employed direct numerical simulation (DNS) for temporal mixing
layers at supercritical pressure conditions using an eighth-order
central finite differencing scheme or a sixth-order compact
differencing scheme. Selle et al. [15] and Taskinoglu and Bellan [16]
subsequently conducted LES of binary-species temporal mixtures to
analyze and develop subgrid-scale models for LES using previously
produced DNS data. Selle and Schmitt [17] simulated homogeneous
isotropic turbulence under a supercritical pressure condition using an
eighth-order finite-difference scheme. Comprehensive reviews on
supercritical mixing and combustion can be found in Yang [18] and
Bellan [12], respectively.
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Asmentioned, except for the simplemixing layer computations by
Bellan [12], Miller et al. [13], and Okong’o and Bellan [14] and
isotropic turbulence simulations by Selle and Schmitt [17], lower-
order spatial schemes, coupled with artificial dissipation terms, have
been employed inmost of theLES simulations related to supercritical
jet flows. This was done to avoid possible numerical instabilities due
to the existing large density/temperature gradients. Thus, the
differencing errors (both dispersion and dissipation) in the numerical
schemes used so far are possibly too large to accurately resolve the
broad range of turbulence scales and the interactions between
turbulence and supercritical thermodynamic properties. On the other
hand, the application of high-order and, preferably, high-resolution
schemes based on central differencing methods to supercritical low-
temperature jet flows is a challenging issue because of the existence
of large density/temperature gradients in the flowfields. A key issue
here is to suppress possible spurious oscillations while minimizing
its influence on resolved broadband scales of flow motions using
high-order/resolution schemes. It should also be mentioned that
several studies [19–21] using the ideal gas law have demonstrated
that the numerical dissipation in high-order upwind-biased schemes,
such as weighted essentially nonoscillatory (WENO) schemes [22],
overwhelms a wide range of scales of turbulence, even if the formal
order of accuracy is high. A latest review [23] also indicated that
WENO-typed schemes are quite computationally intensive and
suffer from numerical damping in smooth zones of the flowfield.

In this study, we present a simple yet efficient high-resolution
numerical method for simulations of supercritical flows with large
density/temperature gradients. This method uses a sixth-order
compact differencing scheme to resolve broadband scales of flow
motions in smooth regions, although nonlinear localized artificial
diffusivity (LAD) is introduced to capture large density/temperature
variations near interfaces and shocks. This study builds on our
previous work [24] and extends it to supercritical flows. The present
study focuses on demonstrating the performance of the proposed
method and its applicability to supercritical flows with large density/
temperature gradients, aiming to develop future applications of the
method to LES of supercritical jet flows. Several one-dimensional
(1-D) inviscid problems were considered, and a 2-D viscous super-
critical jet simulation was carried out. An advection problem and a
modified Shu-Osher problem are proposed to investigate the
performance of the present method in supercritical conditions.
Although only single-species flows, such as those typically inves-
tigated experimentally and numerically in the literature [6,9,25,26],
are considered in this study, the extension to multispecies flows is
straightforward. We have, in a previous study [24], shown the
multispecies capability of the method in ideal gas law conditions.

II. Numerical Methodology

A. Governing Equations

The compressible Euler/Navier-Stokes equations are used as the
governing equations:

@�

@t
�r � ��u� � 0 (1)

@�u

@t
�r � ��uu� pI � �� � 0 (2)

and

@E

@t
�r � �Eu� pI � u � � � u � �rT� � 0 (3)

Here,� is the density,u thevelocity vector,p the static pressure,E the
total energy, T the temperature, � the viscous stress tensor, I the unit
tensor, and � the thermal conductivity. The viscous stress tensor � is
given as

� � ��2S� �
�
� � 2

3
�

�
�r � u�I; S� 1

2
�ru� �ru�T� (4)

where � is the dynamic viscosity, � the bulk viscosity, and S the
strain rate tensor.

To close the governing equations and evaluate the fluid properties
under supercritical conditions, the Soave-Redlich-Kwong
(SRK) equation of state [27] is applied. The SRK equation of state
is written as

p� RT

V � b �
a�

V2 � bV (5)

where R is the specific gas constant, and the constant parameters
a� 0:4275R2T2

cr=pcr and b� 0:0866RTcr=pcr represent the
intermolecular interaction and the effective volume of molecules,
respectively; the subscript cr denotes the critical point. � is a function
of the temperature and the acentric factor given in Appendix A.
V��1=�� is the volume per unit mass. The cubic equations of state,
such as those of the SRK model, describe thermodynamic behavior
in a wide range of conditions and are computationally efficient
compared with more complex equations of state, such as the
Benedict-Webb-Rubin (BWR) equation of state [28,29].

Considering thermodynamic relationships, the internal energy is
expressed as

e�T; �� �
Z �

@e

@T

�
V

dT �
Z �

@e

@V

�
T

dV

� e0�T� �
Z
V

1

�
T

�
@p

@T

�
V

� p
�
T

dV (6)

where e0�T� is the reference internal energy for a thermally perfect
gas, and the second term is the departure function, which is defined as
the difference between perfect and real fluid properties. As the
density and the internal energy are independent variables, the
temperature is solved using an equation obtained from Eqs. (5) and
(6). The pressure is then calculated with Eq. (5). For the 2-D viscous
flow computations, the dynamic viscosity is calculated using the
model of Zeberg-Mikkelsen et al. [30], and the thermal conductivity
is calculated using the model of Vasserman and Neodostup [31].
Detailed descriptions of the thermodynamic fluid properties are
given in Appendix A.

B. Spatial Differencing and Temporal Integration

The spatial derivatives in the governing Eqs. (1–3) are evaluated
using a sixth-order compact differencing scheme [32]. Temporal
integration is achieved by using a third-order TVD Runge-Kutta
scheme [33]. A sixth-order low-pass spatial filtering scheme [32,34]
is applied to the conservativevariables once in each direction after the
final stage of theRunge-Kutta scheme for computational stability; for
this, a free parameter �f is fixed to �f � 0:495. We note that, as
demonstrated later, the order of accuracy of the present method is
little influenced by the order of the filtering scheme (sixth- or eighth-
order). Detailed descriptions of the sixth-order compact differencing
scheme and the filtering scheme, including the boundary treatments,
are given in Appendix B.

C. Localized Artificial Diffusivity Method

Central differencing schemes, including the compact differencing
scheme used in this study, produce nonphysical spurious oscillations
ifflows involve numerical discontinuities due to, e.g., shockwaves or
interfaces. In supercritical pressure conditions, although a phase
equilibrium no longer exists (no property jump across the interface),
there are still physical jumps at fluid interfaces, e.g., when con-
sidering a situation wherein a cryogenic jet is injected into a room
temperature environment. Figure 1, for example, presents a thermo-
dynamic property of nitrogen at a supercritical pressure, 4MPa using
the SRK and the ideal gas equations of state. The density varies
significantly with temperature within a very narrow range across the
pseudocritical temperature, resulting in a strong density gradient
against temperature, which cannot be seen with the ideal gas model.

A key issue is to suppress possible nonphysical spurious oscil-
lations without affecting resolved flow motions. Selle and Schmitt
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[17] used an artificial stabilization procedure [35] to overcome the
large density gradients encountered under supercritical pressure
conditions. Zong et al. [6,7] also used such a scalar dissipation
technique using a fourth-order central differencing scheme. In this
study, we adopt a strategy to add nonlinear artificial fluid transport
coefficients to the physical fluid transport coefficients in the Navier-
Stokes Eqs. (1–3) proposed by Cook and Cabot [36] and Cook [37]
as follows:

�� �f � �� (7)

�� �f � �� (8)

and

�� �f � �� (9)

where the subscript f and superscript � denote the physical and
artificial fluid transport coefficients, respectively.
�f is set to be zero due to the Stokes’ hypothesis. As the present

applications are limited to one- and 2-D problems, the artificial
viscosity �� is not introduced. The artificial bulk viscosity �� is
considered only in those cases in which a shock wave appears in the
flowfields (defined later). The key aspect of the LAD method in this
study is to introduce the artificial thermal conductivity �� in order to
handle large density/temperature gradients at interfaces. �� is
modeled in the generalized form by Kawai et al. [21] using the
derivative of temperature proposed by Cook [38] as

�� � C�
�c3s
T2

����
Xnd
l�1

@rT

@�rl
��rl�l

���� (10)

where cs is the speed of sound in real fluids and nd ( = 1–3) is the
number of dimensions.C� is a dimensionless user-specified constant.
�l refers to generalized curvilinear coordinates �, �, and �, when l is 1,
2, and 3, respectively. ��l is the grid spacing in generalized
curvilinear coordinates, usually set to��l � 1.�l is the grid spacing
in physical space, defined as �l � �xl�1 � xl�1�=2. The order of
derivative r in Eq. (10) is taken to be sufficiently large, r� 4, so that
the artificial transport coefficients are localized in the regions of
shock wave, contact discontinuity, and material interface and vanish
automatically in well-resolved regions. Thus, the artificial properties
are designed to smooth out the discontinuities sufficiently such that
they can be resolved by the central differencing scheme. The fourth-
derivative terms are evaluated using an explicit fourth-order central
differencing scheme [32]. The over-bar in Eq. (10) denotes an
approximate truncated-Gaussian filter [36] for removal of the cusps
generated by high-order derivative operators. The discretization
related to the LADmethod is given in Appendix B. The performance
of the LADmethodwas thoroughly examined under the ideal gas law
[21,39].

Because all the earlier works related to the LAD method were
carried out assuming the ideal gas law, the performance of the
dimensionless user-specified constants for real fluid environments is
still unproven. The performance of �� is, therefore, investigated
through a 1-D interface advection problem to determine an optimal
value of the user-defined constant C�. The default value, C� � 0:01,
obtained from earlier studies [37,39], is used unless otherwise stated.

The advantages of the present method are its high-resolution char-
acteristics, simple formulation, ease of implementation, and absence
of weighting/hybrid procedures as compared with existing high-
order discontinuity-capturing schemes (e.g., high-order WENO
schemes [22] and hybrid central differencing/shock-capturing
schemes [40,41]). The LADmethod can localize artificial dissipation
in regions where unresolved high wave number fluctuations exist,
whereas the high-resolution characteristics of a high-order compact
differencing scheme are preserved in smooth regions; these are
desirable characteristics of numerical schemes for LES and DNS.

D. Smooth Initial Interface

Our previous study [24] demonstrated that the use of a smooth
initial interface is effective for avoiding initial startup error [42]. The
smooth initial interface is generated by using the error function erf�x�
and primitive variables q� ��;u; p�:

q� qL�1 � fsm� � qRfsm; fsm �
�1� erf��R=		�

2
(11)

Here, the subscripts L=R denote the left and right statuses,�R is the
distance from the initial interface, and 	 is defined as 	� C	�x,
where�x is the grid spacing.C	 is a free parameter for adjusting the
smoothness of the initial interface. As C	 increases, the initial
interface spreads overmore grid points, as shown in Fig. 2. Note that,
once C	 is fixed, the initial interface is represented with the same
number of grid points even if the total number of grid points is
changed.

III. Results

A. One-Dimensional Cases

All the computations in 1-D inviscid cases are conducted with the
Courant-Friedrichs-Lewy (CFL) number� 0:4 and uniform grid
spacing. Nitrogen is considered as the working fluid, except for the
shock tube problem. The critical temperature, pressure, and density
of nitrogen are Tcr;N2

� 126:2 K, pcr;N2
� 3:4 MPa, and �cr;N2

�
313:3 kg=m3, respectively [43].

1. Interface Advection Problem

An interface advection problem under supercritical pressure
condition is introduced as the first test case to assess the capability of
the present method. The effects of the smooth initial interface and the
artificial transport coefficient �� are investigated. Based on the
experimental conditions for a cryogenic jet injected into supercritical
pressures [3,44], the initial conditions are set to be
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Fig. 1 Thermodynamic property of nitrogen: a T-� diagram with

comparison of equation of state.
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Fig. 2 Profiles of sharp and three smooth initial interfaces.
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��;u;p;T�

�
�
�450:0 kg=m3;10:0m=s;4:0MPa;124:6K� if 0:0
x
0:3m;
�45:0 kg=m3;10:0m=s;4:0MPa;298:5K� if 0:3<x
1:0m

(12)

Here, the initial conditions are designed such that the transcritical
state, where the temperature exceeds the critical temperature, can be
seen across the interface. Such transcritical mixing behavior is a
unique physical phenomenon observed in liquid rocket engines [1].
Note that the temperature is estimated from the specified density and
pressure using the SRK equation of state, which may be varied for
different equations of state. The computations are performed using
101 grid points with a grid spacing of �x� 0:01, and the results
presented are those at t� 0:04 s unless otherwise stated. The
constantC� � 0:01 is used as the default value. �ref � 450:0 kg=m3,
uref � 10:0 m=s, pref � 4:0 MPa, and Tref � 124:6 K are used for
normalization in several figures.

First, it is worth noting that computations without the LAD
method failed (a sharp initial interface and C	 � 1:0) or produced
significant wiggles (the other smooth initial interfaces), even when
lower values of the free parameter in the filtering scheme, such as
�f � 0:4 or 0.45, were used. This fact suggests that the smooth initial
interface (e.g., C	 � 3) still maintains the large gradient, which
cannot be handled by simply strengthening the filtering and needs to
be captured by some discontinuity-capturing methods. We also
found that lowering free parameters adversely produces larger
spurious oscillations. More important, because the free parameter
strongly influences on flowfields, especially turbulence transition
phenomena [45], lowering the value should be avoided.

a. Effect of Smooth Initial Interface. Figure 3 shows the
profiles of density, velocity, pressure, and temperature at t� 0:04 s
with different smoothness in the initial profile. In the profiles of
density and temperature, the sharp and smooth (C	 � 1:0) initial
interfaces generate small wiggles near the interface because of the
initial startup error, whereas for the other smooth initial interfaces
(C	 � 3:0 and 5.0) the profiles are smooth without any significant
spurious oscillations. The results with C	 � 3:0 and 5.0 are in good

agreement with the exact solutions (although the exact profile is
plotted only for C	 � 3:0). Spurious oscillations are seen in the
profiles of velocity and pressure with the sharp and smooth
(C	 � 1:0) initial interfaces; however, the magnitudes are quite
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Fig. 3 Profiles at t� 0:04 s with the effect of initial interfaces.

Cε

0 1 2 3 4 5

M
ax

im
um

 w
ig

gl
es

 a
m

pl
itu

de
 %

10−6

10−5

10−4

10−3

10−2

10−1

100

101

Density

Velocity
Pressure
Temperature

Fig. 4 Maximum wiggles amplitudes at t� 0:04 s.

Cε

0 1 2 3 4 5
M

ax
im

um
 w

ig
gl

es
 a

m
pl

itu
de

 %
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

101

102

103

Density

Velocity
Pressure
Temperature

Fig. 5 Maximum wiggles amplitudes in the initial stage (at
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small. The magnitudes of spurious oscillation are reduced for larger
values ofC	. For example, the maximumwiggles amplitude (defined
as the maximum difference between the exact (analytical) and the
computed profiles) of velocity and pressure with C	 � 3:0 are

approximately 0.4% and 0.01%, respectively. Figure 4 summarizes
the maximum wiggles amplitudes of four primitive variables for
different values of C	. It shows that the smooth initial interface can
effectively reduce the wiggles amplitudes, which are all less than
0.4% forC	 � 3:0. Figure 5 shows the maximum wiggles amplitude
estimated during the first 20 steps (t� 2:15 � 10�4 s). As compared
with the results at t� 0:04 s (Fig. 4), the wiggles produced in the
initial stage are quite large, especially for the sharper initial
interfaces. For example, the maximum wiggles amplitude for
velocity is 1042.9% for the sharp initial interface and 44.1% for
C	 � 1:0. The amplitudes rapidly reduce with increasing C	.
Therefore, the smooth initial interface effectively works to avoid the
numerical instability in the initial stage. Note that, as mentioned
previously, the interface is represented by a constant number of grid
points even if the total number of grid points is increased with fixed
C	 (i.e., in other words, the initial interface becomes thinner in
physical space when the grid resolution is increased with fixed C	).
Hence, the increase in the grid resolutionwithfixedC	 does not affect
the amplitude of resultant wiggles but their frequency. Almost
identical results were obtained in the case of 8 MPa (although not
shown here).
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Fig. 7 Density and temperature profiles at t� 0:04 s with a small user-specified constant C� � 0:001 with the effect of initial interface.

x
0.4 0.5 0.6 0.7 0.8 0.9 1.0

ρ/
ρ r

e f

0.2

0.4

0.6

0.8

1.0

exact
C =0.1κ
C =0.01κ
C =0.001κ

x
0.4 0.5 0.6 0.7 0.8 0.9 1.0

T
/T

re
f

1.0

2.0

3.0
exact
C =0.1κ
C =0.01κ
C =0.001κ

a) Sharp interface

x
0.4 0.5 0.6 0.7 0.8 0.9 1.0

ρ/
ρ c

r

0.2

0.4

0.6

0.8

1.0

exact
C =0.1κ
C =0.01κ
C =0.001κ

x
0.4 0.5 0.6 0.7 0.8 0.9 1.0

T
/T

re
f

1.0

1.5

2.0

2.5

exact
C =0.1κ
C =0.01κ
C =0.001κ

b) Smooth initial interface C = 3.0

Fig. 8 Effect of the user-specified constant C� for the artificial thermal conductivity ��. Density (left) and temperature (right).
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Fig. 9 Effect of C� using temperature profiles at t� 0:04 s.
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Fig. 10 Profiles at t� 0:04 s with comparison between the present method and the conventional low-order scheme (SHUS with MUSCL).
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Fig. 12 Order of accuracy with the advection problem.
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Figure 6 presents the time histories of nondimensional interface
thickness 
 using the density profile, which is defined as




�x
� ��

�x@�=@xjmax

(13)

where ��� �L � �R and �x are the grid spacing. The simulation
was run until t� 4:0 s, which is a significantly long period, to make
the dissipation characteristics clear. A longer domain and the same
mesh resolution (�x� 0:01) is used. In case of the sharper initial
interfaces, the interface thickness diffuses rapidly until t < 0:5 s,
whereas with largerC	 it is almost constant during the computations.
All the interfaces eventually have almost the same rate of variations,
and their thicknesses remain nearly unchanged.

b. Effect of Artificial Thermal Conductivity ��. Figure 7 shows
the density and temperature profiles for a small user-specified
constant C� � 0:001. By comparing these results with those of the
default valueC� � 0:01 (Fig. 3), it is seen that largewiggles appear in
the temperature profile when sharper initial interfaces are used,
whereas the density profiles show no significant effect of ��. These
results, therefore, indicate that �� successfully suppresses spurious

oscillations, especially those that appear in the temperature profile. In
the case of smaller C�, the smooth initial interface with C	 � 2 still
produces visible wiggles at the interface, indicating C	 
 3 may be
preferable.

Figure 8 shows the effect of the user-specified constant C� on the
density and temperature profiles in cases of the sharp and smooth
(C	 � 3:0) initial interfaces. Although the wiggles are significantly
reduced by increasing C�, the shape of the profile is unfavorably
smoothened, which eventually disagrees with the exact profiles (see
the temperature profiles with C� � 0:1). Although not shown here,
the velocity and pressure profiles show that increasingC� reduces the
amplitude of the wiggles but has little influence on the frequency.
Figure 9 shows the maximum wiggles amplitude and the non-
dimensional interface thickness using the temperature profiles for
different values of C�. There is a clear trade-off between the wiggles
amplitude and the interface thickness. As C� increases, the interface
is smeared, and thewiggles amplitude decreases. Although the value
of C� is set depending on the users, this analysis shows that C� �
0:01 reduces the wiggles amplitude even for sharp initial interfaces
(2.0%withC� � 0:01 and 68%withC� � 0:001) while maintaining
reasonable interface thickness. Thus,C� � 0:01 is used for all the test
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Fig. 13 Comparisonswith the conventional low-order schemeandan earlierwork (Arina) [55].Here, c0 is simply estimatedby c0 �
������������������
�0p0=�0

p
, where�0

is 1.3 for carbon dioxide.
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cases discussed in the rest of the paper. It should be noted that,
without the addition of ��, computations using sharper interfaces
failed.

c. Comparison with a Conventional Low-Order Scheme.
Conventional low-order upwind-biased schemes, because of their
robustness, have been successfully and widely used for solving the
compressible Navier-Stokes equations, including multicomponent
flows [8,46–48]. We, therefore, compared the performance of our
method with that of a conventional low-order scheme. For this
purpose,we used the simple high-resolution upwind scheme (SHUS)
[49], which belongs to the family of the advection upstream splitting
method (AUSM) scheme [50]) with the third-order monotone
upwind scheme for conservation law (MUSCL) interpolation [51,52]
and the van Albada limiter [53]. The conventional scheme has
third-order spatial accuracy. Computations were conducted with the
same mesh resolution (�x� 0:01) and the same CFL number
(CFL� 0:4).

Figure 10 shows the profiles of density, temperature, velocity, and
pressure. As expected, because of its dissipative nature, the conven-
tional low-order scheme does not produce any spurious oscillations
even for the sharp initial interface and in the first few steps. However,
the velocity and pressure profiles obtained by the conventional
scheme show small bumps near the interface, indicating the conven-
tional scheme is unable to maintain the velocity and pressure
equilibrium across the interface because of the different thermo-
dynamic fluid properties, a well-known problem when the conser-
vative form is used for compressible multicomponent flows [54]. On
the other hand, the present method with C	 � 3:0 almost maintains
the velocity and pressure equilibrium across the interface, whereas
the sharp initial interface shows oscillatory results near the interface.

The time history of interface thickness with Eq. (13) is shown in
Fig. 11 using the density profiles. The interface thicknesses with the
conventional scheme grow at a faster rate because of its excessive
dissipation characteristics. The present method clearly keeps the
interfaces much sharper than those of the conventional scheme,
which demonstrates the low dissipation characteristics of the present
method. It should be noted that the computation using the

conventional scheme with the sharp initial interface failed without
the limiter function.

The computational cost of the present method is quite comparable
to that of the conventional scheme based on counting the four
arithmetic operations required to compute the convective terms.
Further, the two references [20,24] estimated that the computational
costs of the present numerical framework requires roughly less than
1=3 and 1=6 of the computational costs required for the fifth- and the
seventh-order WENO schemes.

d. Order of Accuracy. An analysis of the order of accuracy is
provided in Fig. 12 using L2 error in the computed density, velocity,
pressure, and temperature (L1 error shows similar trend). The user-
specified constantC� � 0:01 is used in the LADmethod. The eighth-
order filtering scheme is introduced, and the results without the LAD
method are also plotted. The linear least-square fits to the data at the
three smallest grid spacings are constructed to provide the slopes,
which are shown in parentheses. The initial interface is generated
using Eq. (12), and a different smooth function fsm � �1�
erf�C
�R	�=2 is used with C
 � 30:0. Several grid spacings,
�x� 0:00125, 0.0025, 0.005, 0.01, 0.02, and 0.04, are used (note
that the initial interface with �x� 0:01 is almost identical to that
with C	 � 3:0 used above). The order of accuracy of the present
method with LAD method at the interface is estimated as being
fourth-order accuracy with either the sixth- or the eighth-order
filtering scheme. The result without the LADmethodwith the eighth-
order filtering scheme achieves the formal order of accuracy of the
sixth-order accuracy throughout the interface, whereas the order of
accuracy is reduced with the sixth-order filtering scheme. The
conventional scheme shows almost second-order accuracy, despite
the formal order of accuracy being third-order accuracy, which is
probably because of the limiter function. With C� � 0:01 and the
presentflowconditions, the overall order of accuracy of themethod is
considered to be fourth-order accuracy. The result also indicates that
the order of the filtering scheme has a negligible effect on the
accuracy at the interfacewhen the LADmethod is applied. Note that,
as proved inKawai andLele [39], the formal order of accuracy (sixth-
order) is retained in the regions where no interface exists.
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Fig. 14 Density, temperature, and specific heat ratio profiles of the present method compared with the conventional low-order scheme.

TERASHIMA, KAWAI, ANDYAMANISHI 2665

D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ite

 d
e 

Sh
er

br
oo

ke
 o

n 
N

ov
em

be
r 

25
, 2

01
2 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

10
79

 



2. Shock Tube Problem

Simulations of a shock tube problem under a supercritical
thermodynamic condition, introduced by Arina [55], are carried out
as the second test case inwhich carbon dioxide is used as theworking
fluid. The critical temperature, pressure, and density of carbon
dioxide are Tcr;CO2

� 304:22 K, pcr;CO2
� 7:37 MPa, and �cr;CO2

�
348:8 kg=m3 [43]. The initial conditions are

��; u; p� �
�
��0; 0:0; 10p0� if 0 
 x 
 5 m;
�0:01�0; 0:0; 0:1p0� if 5< x 
 10 m

(14)

Here, �0 � �cr;CO2
� 348:8 kg=m3, and p0 � pcr;CO2

� 7:37 MPa.
801 and 8001 grid points are used, and the solutions using 8001 grid
points are used as the reference solutions. The smooth initial
interface is generated with C	 � 3:0. The following results are at
t� 2:745 � 10�3 s.

In the following two problems, the artificial bulk viscosity �� is
introduced because of the appearance of a shockwave.�� ismodeled
using an user-specified constant C� � 1:75 [21] as

�� � C��
����
Xnd
l�1

@rr � u
@�rl

��rl�
2
l

���� (15)

Figure 13 shows the density, velocity, and pressure profiles using
801 and 8001 grid points, where the results by the conventional low-
order scheme (SHUS with MUSCL) and Arina [55] are also plotted
for comparison. Arina used a conventional low-order scheme
(AUSMDV with MUSCL) with the Redlich-Kwong equation of
state. The smooth initial interface with C	 � 3:0 was applied to the
conventional scheme (SHUS) as well as to the present result for
consistency. The present result using 801 grid points is in good
agreement with the reference solution and the results of the
conventional schemes. No significant spurious oscillations are found
in the profiles. The difference in shock position between the 801 and
8001 results is due to the difference of the initial interface thickness
and the resultant shock speeds in the initial stage. The result obtained
here demonstrates the applicability of the present method to
supercritical flows with shock wave.

3. Modified Shu-Osher Problem

The Shu-Osher problem [56] has been widely used to assess the
dissipation characteristics of numerical schemes. Here, the original
Shu-Osher problem is extended to a supercritical thermodynamic
condition. The working fluid is nitrogen, and the critical values are
stated in the advection problem. The initial conditions are set as

��; u; p� �
�
�3:857�0;Mrefcs;L; 10:333p0� if � 5 
 x 
 �4 m;
��0�1:0� 0:2 sin 5x�; 0:0; p0� if � 4< x 
 5 m

(16)

LN2

GN2 at supercritical pressure

Fig. 15 Schematic of the 2-D planar jet computation.
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Fig. 16 Computational grid: Grid 1 (195 � 185) and the distributions of grid spacing.
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where �0 � 50:0 kg=m3, p0 � 4:0 MPa, and cs;L is the sound speed
in the left side. A supercritical thermodynamic condition (con-
sidering a typical combustion chamber condition as well as the
advection problem) are first defined in the right side with the density
fluctuation, and the left side states are determined such that the ratios
of density and pressure and the shock speed (Mach number)
correspond to those in the original Shu-Osher problem. Thus, the

referenceMach numberMref is estimated using the ideal gas speed of

sound byMref � u=
������������
�p=�

p
, where u� 2:629, � � 1:4, �� 3:857,

and p� 10:333. 201 grid points are used and 2001 grid points data
are plotted as the reference solution. The initial interface is
smoothened with C	 � 3:0. The following results are at
t� 5:903 � 10�3 s.

Figure 14 shows the profiles of density, pressure, and the specific
heat ratio. The present results using 201 grid points are in good
agreement with the reference solutions, showing that the present
method can resolve the high-frequencywaves behind the shockwave
with reasonable grid points (a small phase difference between the two
results is due to the difference of the initial interface thickness). As
shown inFig. 14c, very smallfluctuations of the specific heat ratio are
also well-resolved, which may be preferable and important features
for turbulence simulations in supercritical thermodynamic condi-
tions. On the other hand, the conventional scheme cannot resolve
such high-frequency waves because of the excessive dissipation
characteristics. The present method has the capability to resolve
high-frequency thermodynamic fluctuations, such as those of
temperature or specific heat ratios under supercritical flow conditions
with reasonable grid resolution.

B. Two-Dimensional Viscous Flow Case: Low-Temperature Planar
Jet Injected into Supercritical Pressure Condition

As an application to the multidimensional case, a 2-D planar
viscous jet injected into a supercritical pressure condition is
computed. A schematic and a computational grid are presented in
Figs. 15 and 16, respectively. The computational conditions are
based on general liquid rocket injector/chamber environments. The
initial conditions are as follows:

��;u;p;T�

�
�
�236:3 kg=m3;10:0 m=s;3:97 MPa;130:0 K� for inlet;
�45:46 kg=m3;0:0 m=s;3:97 MPa;293:6 K� for chamber

(17)

c) t = 5.49 ×× 10-3 s

a) t = 1.76 × 10-3 s

b) t = 3.74 × 10-3 s

Fig. 17 A sequence of unsteady jet motion during the initial stage with

the density field on Grid 4.

Kelvin-Helmholtz instability

Flapping motion

Entrainments

Fig. 18 Schematic of the unsteady flow structure of supercritical

planar jet.

a) Mean density

b) Density fluctuation

Fig. 19 Distributions of mean density and density fluctuation on

Grid 4. x=D� �0:20�. The density fluctuation denotes �0�0=��2, where

��� �inj � �cha.
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Here, the density ratio �inj=�cha is 5.2, and the temperature ratio
Tinj=T

� is 1.004, where T� is the pseudo boiling-point temperature.
The compressibility factorp=�RT of the injected fluid is 0.4325. The
velocity profile at the inlet is imposed using the hyperbolic tangent
[57] :

u�yc� �
u0
2

�
1� tanh

�
0:25

D

�

�
D

2yc
� 2yc
D

���
(18)

where D is the channel height, u0��10 m=s� the injection velocity,
� is the momentum thickness, and yc is the distance from the
centerline. The slit height isD� 2:2 � 10�3 m, and the momentum
thickness is taken to be��D=60 so that the initial velocity profile is
properly resolved with any grids used. No perturbations are imposed
in the velocity profile. The other variables ��; p� at the inlet are
generated using Eq. (11) with C	 � 3:0. The jet Reynolds number is
Re� 1:48 � 105, based on D and u0 and the Prandtl number
Pr� 7:5. Four different grids (for which the number of grid point
increases by approximately a factor of two in each direction) are
performed: Grid 1 (195 � 185), Grid 2 (369 � 345), Grid 3

(689 � 645), and Grid 4 (1309 � 1185). The computational domain
is 400D � 100D. Figure 16c presents the distributions of grid
spacing in the streamwise and normal directions for each grid, in
which the minimum grid spacing in the streamwise direction is
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�sx;min � 1:75 � 10�5 m at the inlet, and one in the normal direction
is �sy;min � 1:0 � 10�5 m at the center of shear layer. At the outlet,
the pressure is fixed to the chamber pressure pout � 3:97 MPa, and
the other primitive variables are simply extrapolated. Slip wall is
assumed at the upper and lower boundaries. The inviscid CFL
number is fixed to 0.8. Statistical data that will be discussed are based
on averaging flowfields over 60 ms after a 20 ms transient stage.

Figure 17 shows a sequence of the unsteady jet motion during the
initial stage using the density field on Grid 4 (in which the maximum
value of the contour range is lowered to clearly visualize the unsteady

interface motions), and Fig. 18 highlights several important flow
features. The present method successfully resolves several salient
flow features of the jet mixing process, such as the Kelvin-Helmholtz
instability, the small-scale vortical structure, the jet flapping motion,
and the entrainment while retaining the interface-capturing
capability.

Figure 19 shows the distributions of the mean and fluctuation
density on Grid 4. The jet core region is recognized in the mean
density distribution, and the fluctuations are produced mainly in the
shear layer and in the transition zone downstream of the jet core
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Fig. 23 Comparisons between the present method and the conventional low-order scheme.
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Fig. 24 Comparison between the present method and the conventional low-order scheme on density distributions at t� 0:03 s, showing the effect of

grid resolution: x=D� �0:20�.
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where the flapping motion begins to occur. Figure 20 presents the
mean and fluctuation density at x=D� 5:0 and x=D� 10:0 with
different grid resolutions. An almost identical result is obtained for
the mean profile over the four grid resolutions, and the fluctuation
shows a trend toward grid convergence. The results are almost grid-
converged onGrid 3. The streamwise velocity in Fig. 21 also shows a
similar feature. Moreover, the mean density profile on the centerline,
as shown in Fig. 22, presents the grid-converged solution. Therefore,
the present result on Grids 3 and 4 could be considered to closely
represent a two-dimensional DNS solution.

Finally, comparisons with the conventional scheme (SHUS with
MUSCL) are made in Fig. 23 using the mean and fluctuation
streamwise velocity at x=D� 10 and the mean density on the
centerline. The results clearly show the superiority of the present
method in resolving both the mean and fluctuation quantities. The
present method, evenwith Grid 1, showsmuch better performance in
resolving the mean and fluctuation quantities compared with the
conventional scheme with Grids 2 and 3. With the conventional
scheme, the shear layer grows little because of the excessive
numerical dissipation, by which the flow unsteadiness and the small-
scale vortex generation are suppressed, resulting in the longer dense-
core (see Fig. 23b). The conventional scheme needs much finer grid
resolution to reach the converged-solution. Figure 24 shows a
qualitative comparison of instantaneous density distributions
between the present and the conventional schemes on Grids 2 and
3. Unsteady vortical structures are not greatly produced with the
conventional scheme on Grid 2; on the other hand, the present
method resolves relatively smaller-scale vortices generated from
further upstream of the jet on the same grid resolution. It should be
noted that some computations without the limiter function using the
conventional low-order scheme failed because of the unphysical
over/undershoot produced near the interface, thus indicating that
some interface-capturing methodology is required to simulate flows
involving large density/temperature gradients in supercritical
pressure conditions even when conventional low-order schemes
are applied.

IV. Conclusion

A high-resolution numerical method for flows under supercritical
thermodynamic conditions has been presented. The present method
is based on the sixth-order compact differencing scheme to resolve a
wide range of flow scales. The LAD method is used to numerically
capture the large density/temperature gradients at the interfaces and
the shock wave.

The results for the advection problem showed that the present
method can be successfully applied to super/transcritical flows with
large density/temperature gradients without any significant spurious
oscillations. The artificial thermal conductivity using the derivative
of temperature successfully suppresses the numerical instabilities at
the interfaces while minimizing the impact on the solutions. The
smooth initial interface also works to eliminate the numerical
instability occurring in the initial stage. The overall order of accuracy
of the present method was estimated as being fourth-order accuracy
in the interface advection problem with either the sixth- or the eight-
order filtering scheme. In the shock tube problem, the present results
showed good agreement with a previous computational study,
demonstrating its capability of simulating a shock wave under the
supercritical condition. The modified Shu-Osher problem demon-
strated the superiority and low dissipation characteristics of the
present method in resolving high-frequency fluctuations as com-
pared with the conventional low-order scheme. The results for the
2-D low-temperature planar jet simulations showed the appli-
cability of the present method to multidimensional problems and its
ability to resolve the unsteady complicated jet structures under
supercritical pressure conditions with reasonable grid resolutions.

Appendix A: Derivation of Thermodynamic Properties

Although a derivation of thermodynamic relations under
supercritical conditions was provided in an earlier study [5], it

might be useful to provide a consistent formulation for the present
method in this paper. As a result, the whole process of supercritical
flow simulations can be clearly understood, the implementation
should be easier, and the paper can stand alone. Moreover, the
thermodynamic relationship is key to supercritical flow computa-
tions.

We start with an equation inwhich the internal energy is defined as
a function of the temperature and specific volume:

e�T; �� �
Z �

@e

@T

�
V

dT �
Z �

@e

@V

�
T

dV (A1)

and using the relations �@e
@T
�V � Cv for the heat capacity at constant

volume, Eq. (A1) is written as

e�T;���
Z
Cv dT�

Z �
@e

@V

�
T

dV� e0�T��
Z �

@e

@V

�
T

dV (A2)

where
R
Cv dT � e0�T� � CvT taken in this study (whileCv may be

approximated by a polynomial equation of temperature).
Consider the second term on the right hand in Eq. (A2). The two

thermodynamic relations first given are

d e� T dS � p dV (A3)

d e� @e
@T

dT � @e

@V
dV � 0� @e

@V
dV (A4)

and they follow that

@e

@V
dV � T dS � p dV (A5)

Equation (A5) is then written as

�
@e

@V

�
T

� T
�
@S

@V

�
T

� p� T
�
@p

@T

�
V

� p (A6)

where the relation �@S
@V
�T � �@p@T�V is used, which is derived from a

thermodynamic relation, dF��S dT � p dV, where F is the
Helmholtz free energy. The second term in Eq. (A2) is therefore
given as

Z �
@e

@V

�
T

dV �
Z
V

1

�
T

�
@p

@T

�
V

� p
�
T

dV (A7)

and this appears in Eq. (6).

For the SRK equation of state (Eq. (5)), the derivative �@p
@T
�V in

Eq. (A7) becomes

�
@p

@T

�
V

� R

V � b �
a @�
@T

V2 � bV (A8)

where � and @�
@T

are

�� �1� f�!��1 � �T=Tc�0:5�	2 (A9)

@�

@T
��f�!��1� f�!��1 � �T=Tc�0:5�	�TTc��0:5 (A10)

Here, f�!� is expressed as f�!� � 0:480� 1:574! � 0:176!2,
where! is the acentric factor. Substituting Eq. (A8) into Eq. (A7), we
obtain

Z
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�
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V
� 1

V � b

�
dV (A11)

Eq. (A11) becomes

2670 TERASHIMA, KAWAI, ANDYAMANISHI

D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ite

 d
e 

Sh
er

br
oo

ke
 o

n 
N

ov
em

be
r 

25
, 2

01
2 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

10
79

 



Z
V

1

�
T

�
@p

@T

�
V

� p
�
T

dV � a
�
� � T @�

@T

�
1

b
loge

���� V

V � b

���� (A12)

and the internal energy is finally given from Eq. (A2) as

e�T; �� � e0�T� � a
�
� � T @�

@T

�
1

b
loge

���� V

V � b

���� (A13)

The temperature is obtained from Eq. (A13), provided the density
and the internal energy are known. Generally, Eq. (A13) can be
solved using an iterative method, such as the Newton-Raphson
method. Solutions from the van der Waals equation of state are used
for the initial guess in this study. The pressure is calculated using
Eq. (5).

Appendix B: Spatial Derivatives and Filtering

I. Compact Differencing and Filtering Schemes

The governing Eqs. (1–3) are solved in the strong conservative
form and in generalized curvilinear coordinates, where the spatial
derivatives at node i are computed according to the sixth-order
compact scheme [32]:

�
@fi�1
@�
� @fi
@�
� � @fi�1

@�
� a fi�1 � fi�1

2��
� b fi�2 � fi�2

4��
(B1)

where �� 1
3
, a� 14

9
, and b� 1

9
. At boundary points i� 1 and 2 and,

correspondingly, at i� imax�1 and imax, second- and fourth-
order one-sided formulas are used that retain the tridiagonal form of
the equation set [34]. A sixth-order low-pass spatial filtering is

�ff̂i�1 � f̂i � �ff̂i�1 �
X3
n�0

an
2
�fi�n � fi�n� (B2)

where f̂ is the filtered variable and a0 �
11�10�f

16
, a1 �

15�34�f
32

,

a2 �
�3�6�f

16
, and a3 �

1�2�f
32

. �f is a free parameter satisfying the
inequality�0:5< �f 
 0:5. High-order one-sided formulas are used
for the near boundary points at i� 1–4 and, correspondingly, at
i� imax�3 to imax [34].

II. LAD method

The fourth derivative term in Eq. (10) is evaluated using a fourth-
order central differencing scheme

@4fi
@�4l
� b fi�3 � 9fi�1 � 16fi � 9fi�1 � fi�3

6��4l

� a fi�2 � 4fi�1 � 6fi � 4fi�1 � fi�2
��4l

(B3)

wherea� 2 andb��1. At boundary points i� 1, 2, imax�1, and
imax, a one-sided second-order explicit scheme is used and at i� 3,
and at imax�2, a second-order central scheme is used [39]. The
over-bar in Eq. (10) denotes a truncated-Gaussian filter [36],
expressed as

�fi �
3565

10368
fi �

3091

12960
�fi�1 � fi�1� �

1997

25920
�fi�2 � fi�2�

� 149

12960
�fi�3 � fi�3� �

107

103680
�fi�4 � fi�4� (B4)

At boundary points 1–4 and imax�3 to imax, the value fi is
mirrored across the boundary in order to apply Eq. (B4).
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